Abstract. This is a presentation of the subadditive ergodic theorem. A proof is given that is an extension of F. Riesz' approach to the Birkhoff ergodic theorem.
Introduction
Between the years 1938 and 1948 F. Riesz published works in ergodic theory [R] and found among other things several extensions of the mean ergodic theorem by elegantly simple and powerful arguments. In October 1931, von Neumann had proved the basic version of the mean ergodic theorem [vN32] inspired by Koopman's observations published in a note in June that same year [Ko31] . In his 1944 lecture notes [R44] 1 , Riesz gave an insightful exposition of these developments. In particular, he presented there a new proof of the maximal ergodic lemma needed for Birkhoff's a.e. ergodic theorem, which is a deeper result than the mean ergodic theorem and dates November 1931 [B31] . This became one of the standard proofs of this theorem and was based on a lemma which is harder to formulate than to prove (see Lemma 3.2 below). He also remarked that his work on the mean ergodic theorem was suggested by the method of Carleman [C32] . In fact, Carleman announced in May 1931 results similar to Koopman's as well as a proof of the mean ergodic theorem. This announcement was published in June 1931 [C31] and the details can be found in [C32] 2 . The main purpose of this note is to show how Riesz's method extends to give a proof of the subadditive ergodic theorem of Kingman from 1968 [K68] . This was a by-product of the work [KM99] and all the Date: December, 2014. 1 He was supposed to deliver these lectures in Geneva in the spring of 1944, but he was prevented from coming.
2 Several early publications in the subject give due credit to Carleman, for example E. Hopf's important monograph Ergodentheorie from 1938. In most modern works however, including the standard reference [Kr85] , Carleman is not mentioned. details of the proof are included. Note that this proof at the same time gives a proof of Birkhoff's theorem.
Let throughout this paper (X, µ) be a measure space with µ(X) = 1 and T : X ! X a measure preserving transformation. Recall the following result:
Theorem (Birkhoff, 1931) . Let f 2 L 1 (X), then there is an integrable, a.e. T -invariant functionf such that
for a.e. x (the convergence also takes place in L
1
). In fact f 1  kf k 1 and for any T -invariant set A,
, and we then call c an additive cocycle. These are all of the form (1.1), for f (x) = c(1, x).
If for a sequence of functions a(n, .) 2 L 1 (X), with integer n > 0 and a(0, x) = 0, we instead require
Then the following generalization of the Birkhoff ergodic theorem holds.
Theorem (Kingman, 1968) . Under the above conditions, there is an integrable, a.e. T -invariant functionā such that
for a.e. x (the convergence also takes place in L 1 ). Moreover
for all T -invariant measurable sets A.
A draft of this paper was written in 1998 when I was a graduate student at Yale University. Some people have since told me that my text has been useful to them, so I thought that it might perhaps be worthwhile to publish a revised version. In addition, I thank the referee for useful comments leading to an improved text. I dedicate it to Wolfgang Woess, whom I have had the pleasure of knowing since more than a decade. I have at various times benefitted from his many insights within, as well as outside of, mathematics.
A few examples of subadditive cocycles
We give a few examples of subadditive cocycles in order to illustrate that Kingman's theorem is a significant extension of Birkhoff's theorem with many applications. In fact the origin of Kingman's theorem comes from probability theory (theory of percolation) in the works by Hammersley and Welsh.
2.1. Random products in a Banach algebra. Let A : X ! B be a measurable map into a Banach algebra. Let
, then a(n, x) = log ku(n, x)k is a subadditive cocycle, because kABk  kAk kBk . The corresponding convergence was first proved by Furstenberg and Kesten in 1960 for random products of matrices, of course without the use of the subadditive ergodic theorem. This application is used in some proofs of Oseledets' multiplicative ergodic theorem.
Random walks. Let G be a topological group and h
, then this is usually called a random walk. The range, that is how many points visited in G,
Assume that d is a left invariant metric on G, (e.g. a word metric in the case G is finitely generated) then the drift
is a subadditive cocycle, by the triangle inequality and the invariance of d. A third source of subadditivity is the entropy of the measures of the distribution of random walk after n steps, see [D80] .
2.3. Metric theory of continued fractions. See [Ba97] . Let X = [0, 1) and A be the Borel -algebra. For any x write it as
Continuing this scheme gives the continued fraction expansion of x,
are defined for all n if x is irrational, they are given by recusion formulas, and by
.
There is a unique T -invariant probability measure absolutely continuous with respect to Lebesgue measure, namely
By use of the subadditive ergodic theorem, Barbolosi proves that for all constants C > 0,
exists for a.e. x. The functions are not simply a subadditive cocycle, it is necessary to divide into odd and even index, due to the fact that approximants lie on alternating sides of x.
Further examples.
There are too many applications of the subadditive ergodic theorem to list here, let us just refer to [H72] and [D80] .
3. A proof of Kingman's theorem 3.1. Three elementary observations. Proposition 3.1. Let (v n ) n 1 be a subadditive sequence of real numbers, that is v n+m  v n + v m . Then the following limit exists
Using the subadditivity and considering n big enough (n > N("))
Since " is at our disposal, the lemma is proved. ⇤ Note that this proposition implies that for any T -invariant set A,
when X = A denote this value by (a). F. Riesz noted in [R44] that the following simple lemma can be used to prove Birkhoff's theorem, the lemma is sometimes called Riesz's combinatorial lemma or the lemma about leaders. Proof. Proof by induction. If n = 1, then either c 0 0, in which case the sum is empty, or c 0 < 0, in which case the sum equals c 0 < 0. Assume that the statement is true for integers smaller than n. Consider the two cases, c 0 is or is not a leader. If c 0 is not a leader then all leaders are among c 1 , ..., c n 1 in which case the induction hypothesis applies.
If c 0 is a leader, then pick the smallest integer k such that c 0 +...+c Proof. Note that f (T x) f (x) and g(T x) g(x) because of the subadditivity a(n, T x) a(n + 1, x) a(1, x) and in the case of limsup (same for liminf)
by the T -invariance, but the integrand is non-negative, hence f (T x)
f (x) = 0 a.e. ⇤ 3.2. The maximal ergodic inequality. The following key lemma will be proved by an extension of the argument of F. Riesz. It thus avoids use of the usual maximal ergodic inequality and it is not more difficult than Derriennic's proof.
Lemma 3.4 (Derriennic, 1975) . Let a(n, x) be a subadditive ergodic cocycle as in the introduction. Let
Proof. For each n, let
For each n, let b n (x) = a(n, x) a(n 1, T x). Because of telescoping we have that
By definition, T k x 2 n k means that there is a j, k  j  n 1 such that
Hence by the lemma about leaders applied to
Therefore, using the T -invariance of µ and B,
On the other hand, again by the T -invariance
(1, x) := max {0, a(1, n)} , which is positive and
Since B is invariant, the limsup actually is the limit, by Proposition 3.1. ⇤ Proposition 3.5. Let a(n, x) be a subadditive ergodic cocycle as in the introduction. Let
Proof. Apply the lemma to a(n, x) n , which is a subadditive cocycle. ⇤ 3.3. The proof of a.e. convergence. First we establish the result for additive cocycles c n = c(n, x). The point is that c n is again additive, hence in particular the previous proposition applies to c n as well. Let
1 n c n } and by Proposition 3.3 this set is T -invariant. Hence we can apply Proposition 3.5 with X = E ↵, . If we let E := {x : lim inf 1 n c n < ↵}, then E \ E ↵, = E ↵, , and this gives Z
And similarily for c n , Z
This yields a contradiction unless µ(E ↵, ) = 0, because
but > ↵. Now let a n (x) = a(n, x), be a subadditive cocycle satisfying the integrability assumptions in the introduction. Consider
Note that v n is a subadditive cocycle and v n  0. Let g(x) = lim inf 1 n v n (x) and f (x) = lim sup 1 n v n (x). For an arbitrary ↵ > 0, we want to show that B := {x : f (x) g(x) > ↵} has measure zero. By the additive cocycle case above we know that
x) converges a.e., so taken together this would show that 1 n a n (x) converges a.e. as desired. Fix " > 0. Pick M large enough so that for all m > M,
. On the one hand, since nM is a subsequence of n, we have that
On the other hand, by the subadiditvity and non-positivity of v n , for all 0  k < M,
which again is subadditive and non-positive. We then have that:
n  0 and the established convergence for additive cocycles. This means that
Hence µ(E)  " ↵ and letting " ! 0 we conclude that µ(B) = 0 for any ↵ > 0 as required.
The limit is almost everywhere T -invariant, by Proposition 3.3 and integrable by Fatou's lemma Z lim inf
4. Appendix: Garsia's proof of the maximal ergodic lemma This appendix, which is not used above, notes that Garsia's celebrated argument for Birkhoff's ergodic theorem [G70] has a minor subadditive extension, although not strong enough to yield Kingman's theorem. because T is measure preserving (or contractive as in [G70] would be enough) and h + n 0. The statement about E 1 = S E n follows from passing to the limit. ⇤
